In this article, we study the motion of an extended object in various spacetime geometries consists of the monopole, dipole as well as quadrupole moment within the framework of the general theory of relativity. We focus on a compelling limiting case, in which the acceleration of extended object vanishes and therefore, it becomes indistinguishable from a geodesic trajectory. In this case, both dipole, as well as the quadrupole moment of the extended object, would necessarily interact with the various moments of the central object, resulting in zero acceleration. We show that an object with monopole and dipole moment, namely the spin, can have a limit where the dipole-monopole and dipole-dipole interaction between that particle and the central object respectively vanishes. However, the introduction of quadrupole moment leads to more complicated situations and only the quadrupole-monopole interaction consists of a well-posed vanishing limit, while other interactions such as dipole-quadrupole or quadrupole-quadrupole, in general, remain nonzero. We expand on these scenarios in detail with their possible physical implications.
Introduction
The motion of a particle around any massive compact object such as a black hole or star requires an interaction between the background geometry and the internal structure of the particle itself. However, in most of the cases, we ignore the later part and approximate the particle as a point object of mass m ≪ M, where m is the mass of the smaller particle, and M being the mass of the larger central body contributing the background geometry. This is certainly well posed as far as we shy away from the internal structure of the object and ignore any contribution from the higher order moments. Nonetheless, on several occasions such as, addressing the extreme mass ratio binaries or examining motion of stars around massive compact objects, the intrinsic properties of the lighter object may add up to a substantial modifications. In these cases, the coupling between geometry and the test particle would play an important role. By the test particle approximation, we ignore any back-reaction on the background metric and assume that the geometry remains unaltered even if the particle is endowed with finite size. The only correction that one can expect would be originated from the non-vanishing coupling between the curvature and the higher order moments, i.e., dipole, quadrupole etc., of the object. With the dipole contribution, these equations were first introduced by Mathisson [1] in linearized gravity and later on generalized by Papapetrou [2, 3] for a general relativistic scenario. The quadrupole contribution was first added by Dixon, and these are further known as Mathisson-Papapetrou-Dixon equations describing the dynamics of a pole-dipolequadrupole particle [4] [5] [6] . These equations have extensive implications spanning from modeling binary systems [7, 8] to describing trajectories of compact objects around a supermassive black hole [9] . We refer our readers to Refs. [10] [11] [12] [13] [14] [15] [16] [17] [18] for a comprehensive understanding of MathissonPapapetrou and Mathisson-Papapetrou-Dixon equations and their applications in gravity.
A monopole or point test particle follows a geodesic motion; as in this case, we ignore the internal structure of the particle. Beyond point particle approximation, it is expected that the multipole moments of the particle would couple with the curvature of background spacetime. The coupling contributes an acceleration term resulting in particle to deviate from a geodesic trajectory. For a spinning particle, where one ignores the quadrupole and higher multipole moments, the acceleration depends on the spin of the particle, defined in terms of the dipole moment. It is clear that in general, the various multipole moments arising due to the internal structure of the testparticle couples to the background spacetime and forces the particle to deviate from the geodesic motion. In the present article, we aim to investigate the possibility of an extended object with non-vanishing higher multipoles, to move along a geodesic trajectory. Existence of such a trajectory might not only depend on multipole moments of test particle but also the multipole structure of background spacetime. In this article, we systematically study such possibilities. The interaction between the different moments of the central object and its lighter orbiting companion is also investigated in detail. We consider various background geometries consists of the monopole, dipole and quadrupole terms and study vanishing acceleration limit for an extended object within the test particle approximation. Unlike most of the studies regarding the extended object, we have not employed any specific supplementary condition. Therefore, the analysis remains robust 1 . In addition, we assume that the particle is confined on the equatorial plane. Moreover, we treat the contribution from dipole and quadrupole separately and assume that they vanish independently term by term. Interestingly for a spinning particle, the conserved quantities such as energy and momentum explicitly depend on the dipole and not on the quadrupole moment [19] [20] [21] . With zero acceleration, these are the only possible imprints of higher order moments. The rest of the manuscript is organized as follows: In Section-(2), we develop the formalism required to describe the motion of an extended object in a gravitational field. We give a general description regarding the dynamics of a particle with dipole as well as quadrupole moment and also expand on their various properties. The detail calculations regarding vanishing acceleration are carried out in Section-(3). We start with the motion of a pole-dipole particle in Kerr background and discusses limits of vanishing acceleration. Later on, we consider the black hole solutions with dipole, quadrupole and multipole moments and study the dipole-dipole, dipole-quadrupole, quadrupolequadrupole interactions between the extended object and the black hole. Various implications related to the vanishing acceleration for a pole-dipole as well as a pole-dipole-quadrupole particle are also addressed in detail. Following that, we conclude the article with a brief remark in Section-(4).
Mathisson-Papapetrou-Dixon equations
The governing dynamics of an extended object with both dipole and quadrupole moment are given by the Mathisson-Papapetrou-Dixon equations [21, 22] . For a given extended object with four-momentum P µ and four-velocity U µ , these equations are written aṡ
where the quantities such as R µ ναβ , S αβ , J αβγδ has usual meanings of Riemann tensor, spin tensor and the quadrupole tensor respectively. The spin tensor originates from the moment of the momentum density T 0µ of the object and can be written as
where, g is the determinant of the metric and dV represents the volume of the spacelike hypersurface. The other quantity δx α = x α − X α denotes the deviation of any point x α from the representative point X α , and t = constant, will ensure that δx 0 = 0 is valid throughout its motion. To arrive at the Mathisson-Papapetrou equations, it is essential to employ this particular assumption. This would warrant that the deviation from the worldtube X α is completely spatial and free from any time component. In general, the quadrupole tensor J αβγδ has more involved and nontrivial physical description [23] [24] [25] . Unlike the spin tensor which can only be produced from momentum density T 0µ , the quadrupole tensor can originate from each of the components of energy-momentum tensor T µν .
In particular, the complete quadrupole moment can be further classified as mass quadrupole Q αβ , flow quadrupole Π αβγ and stress quadrupole τ αβγδ respectively. For convenience, we reproduce the definitions for these quadrupole components as follows [26] ,
In the above h δ σ is a projection operator which projects any vector on the spacelike hypersurface orthogonal to the timelike vector field U α . Finally, the expression for the quadrupole momentum can be written as
while '[ ]' describes an antisymmetric expansion. Below we shall present a simple analysis and consider that the quadrupole moment solely generated due to the mass of the object. In that case, the tensor J αβγδ can be rewritten as
and after some algebra, we arrive at
In the present scenario, we continue with an arbitrary Q αβ and constrain it from the vanishing curvature coupling condition, i.e., 
The vanishing coupling for an extended object
Having introduced the evolution equations for an extended object with both dipole as well as quadrupole moment, we shall now consider a particular limit in which the terms containing acceleration would identically vanish. Explicitly,
is valid for given nonzero values of S µν and J µνγδ . For a geodesic motion, we have conservation of both energy (E) and momentum (L z ). Therefore, the following expressions has to be conserved along its trajectory:
where ξ α and η α are timelike and spacelike killing vectors respectively correspond to the underlying symmetries of the background geometry. However, in general, for a spinning particle, the following quantities are remain conserved along the trajectory:
With the above, we have to establish that
are valid throughout the trajectory of the particle. The evolution of spin tensor S αβ is given as
For a particle with only dipole moment and assuming it follows a geodesic trajectory, i.e., P α = m U α with m being the rest mass, it can be shown that the spin evolution equation is trivially satisfied. However, with the nonzero quadrupole moment, the second term in the above equation gives rise to a non-vanishing contribution. Therefore, the spin evolution need not necessarily be zero for a poledipole-quadrupole particle even when it is following a geodesic trajectory. However, this statement is contradictory with our previous assumption and can be understood as follows. Let us consider a pole-dipole particle with spin tensor S αβ , for which the spin-curvature coupling X α identically vanishes. Furthermore, it also satisfies the vanishing evolution equation:
as P α = m U α . We now add a quadrupole moment to it and demand that the acceleration as introduced by J αβγδ is zero. As expected from Eq. (13), the additional quadrupole moment seems to take no part in redefining the spin tensor. Therefore, the second term in Eq. (12) has to vanish.
Finally the following equations has to be satisfied in order to have a pole-dipole-quadrupole particle to move along a geodesic trajectory:
Any model with the pole-dipole-quadrupole particle is complex and the analytical computations are involved. However in the present context, we are only considering a special case where the particle follows a geodesic orbit. Therefore, we have prior knowledge about their four-velocity and in the Kerr spacetime, its components are given by
whereẼ andL z are given as the respective energy and momentum per mass of the particle and a is the momentum per mass of the black hole. For a test particle with the above four-velocity, we would be able to investigate their complete dynamics once we are provided with the energy and momentum. The geodesics in Kerr geometry are well explored in literature and contained with extensive importance specifically in connections with extreme mass ratio inspiral. However in the present context, we are primarily interested in a state of condition where an extended object follows Eq. (15) and becomes indistinguishable from a geodesic trajectory. Intuitively, the idea being to describe an orbit in which the intrinsic moments of the particle do not couple with background geometry. In this case, it is expected that the additional moments will only contribute to the conserved momentum while imposing no constraints on its trajectory.
In the following discussions, we investigate various spacetime geometries with a multipole structure and study the possibilities of encountering a geodesic limit for a particle endowed with higher moments. In Section-(3.1), we introduce the notion of vanishing acceleration limit for a spinning particle. Next, we carry out the detail studies in Schwarzschild black hole which consists only with the monopole term and then, describe the linearized Kerr spacetime contained with both mass monopole and current dipole moments. Following that, we consider a Schwarzschild spacetime with quadrupole moment and finally, we describe the Kerr spacetime which includes all the multipole moments. These studies would provide a comprehensive understanding about the dipole-dipole, dipole-quadrupole and quadrupole-quadrupole interactions between two compact objects.
Zero acceleration limit for a spinning particle
Before discussing any further, first we shall investigate the motion of a spinning particle confined on the equatorial plane of a Kerr black hole. We impose the Tulczyjew-Dixon spin supplementary condition and assume that the spin vector S µ is always perpendicular to the orbital plane, S µ = (0, 0, S θ , 0). The relation between the spin tensor and the spin vector can be written as
where ǫ αβγδ is the completely anti-symmetric Levi-Civita tensor and g is the metric's determinant.
Both the total spin S 2 = S µ S µ and dynamical mass µ 2 = −P ν P ν are conserved along the trajectory of the particle. The other conserved quantities related to the energy (C t ) and momentum (C φ ) of the particle give rise to the following equations:
For a vanishing spin, the above expressions give the geodesic limit with usual conservation relations. The Mathisson-Papapetrou equations can be exactly solve in this scenario and the four-velocity and the four-momentum can also be written in terms of each other. By employing the following tetrad
we arrive at the following expressions relating momentum and velocity
where '( )' describes a projection on the tetrad frame. Furthermore the Tulczyjew-Dixon condition does not ensure that the timelike condition U α U α < 0 remain valid throughout its trajectory and therefore, it imposes additional constraint on the dynamics of the particle. By using the above components of four-velocity and expressions for conserved quantities, we can establish that the timelike constraint results in,
With a simple substitution of C φ = −C t (a + S), the above equation is trivially satisfied and the timelike condition does not impose any additional restriction. In this case, the expressions for P 0 and P 3 are given by P 0 = C t = −E, and
and, E s and J s become E s = 0, and
It should be mentioned that with such substitution, the four-velocity and four-momentum are proportional to each other, and can be written as
where, we have used that the dynamical and rest mass become identical. The force term also vanishes and the particle with spin follows a geodesic motion. In summery, there exists a certain limit in which the spin-orbit coupling for a spinning identically vanishes and it behaves as a geodesic. It has the orbital angular momentum, L z = aE = m U 3 , while contains a nonzero spin angular momentum J s = ES, due to the dipole moment of the object. In this case, the expression for energy matches with the geodesic as the spin impart no additional corrections to it. However the expression for L z deserves further attention as in the present context, that would play a key role. For a simple realization, we set a = 0 and the orbital angular momentum of the particle identically vanishes. These are trajectories without any orbital momentum in a spherically symmetric spacetime and are the radial geodesic. In a spacetime without rotation, radial geodesic usually defines a straight-line starts at a finite distance and eventually hits the singularity. More rigorously, the null radial geodesics construct the basis of null tetrads in Newman-Penrose formalism and useful in exploring spherical collapse of gravitating objects. However, in a spacetime contains rotation, i.e., a = 0, U 3 is nonzero and it often can be misleading to call them as radial geodesics. But, as it can be shown that a null geodesic follows L z = aE, can construct the null tetrads in Kerr spacetime as well. From that standpoint, they mimic the role played by radial geodesics in Schwarzschild black hole and therefore, we often refer them as radial-like geodesic in the present context.
Schwarzschild black hole
Let us consider the Schwarzschild black hole and continue our discussions on the dynamics of extended objects. We first start with the pole-dipole particle and following that carry out the calculations involve particles with quadrupole moment.
Pole-dipole particle
In the case of Kerr black hole, the vanishing acceleration limit for a pole-dipole particle is already established in Section-(3.1). There we have shown that it is possible for a spinning particle to move along a geodesic trajectory and at the same time, to satisfy the Mathisson-Papapetrou equations. However, the results presented there are only valid for the Tulczyjew-Dixon spin supplementary condition. Here we consider a more general study which is independent of any supplementary condition. We start with the assumption that a pole-dipole particle is moving along a radial geodesic and afterward, we demonstrate that it also satisfies the Mathisson-Papapetrou equations. In the case of a geodesic, the four-velocity is written in the following form:
By explicitly using U 2 = 0 = U 3 , we arrive at the following components of acceleration of the
It can be seen that from X 0 = X 1 = 0, the spin tensor has to satisfy S 01 = 0. The other two equations would prove S 2µ U µ = 0 = S 3µ U µ , and give rise to the Tulczyjew-Dixon or MathissonPirani spin supplementary condition. Needless to say, both these conditions are identical in the present context. The conserved quantities related to the timelike and spacelike symmetries are given as
where C t , C φ , E s and J s are independently conserved along the trajectory. Furthermore, the spin tensors has to be conserved too, i.e.,Ṡ µν = 0 and this has to be consistent with the above mentioned spin tensors. Below are the steps of our analysis.
• Given the condition S 01 = 0, we geṫ
and it identically vanishes.
• The constraintṠ Following the above analysis, we can now summarize the key results. It is known that the MathissonPapapetrou equations with 10 components aim to solve 13 unknown quantities; namely 3 components of four-velocity, 4 components of four-momentum and 6 components of spin tensors. Naturally, additional equations has to be introduced to solve the system consistently. However, in the present context, we provide the four-velocity and four-momentum as an input and therefore, only the 6 spin tensors has to be obtained from 10 Mathisson-Papapetrou equations! Like already mentioned in Eq. (25) , this is only possible when all the spin tensors are not independent of each others. We determine each component of the spin tensor and for convenience, these components are written as follows: Finally, we conclude that a pole-dipole with nonzero spin can move along a geodesic trajectory in the Schwarzschild spacetime. It is consistent with the Mathisson-Papapetrou equations and respect the conservation laws associated with the spacetime symmetries.
Pole-dipole-quadrupole particle
We now estimate the extra contributions arriving from the quadrupole moment while assuming the results related to the pole-dipole particle are already incorporated. In this case, Eq. (8) has to be satisfied and as it can be seen, this is valid for the following form of the quadrupole moment:
With the above choice, it is also possible to show that the equationṠ µν = 0 is valid. Therefore, it is possible to show that a pole-dipole-quadrupole particle can move along a radial trajectory in a Schwarzschild spacetime.
Linearized Kerr black hole
In this section, we consider a Kerr spacetime approximated up to the linear order terms in angular momentum. We neglected the contributions from O(a 2 ) and beyond that. This represents a rotating black hole with mass monopole and current dipole, while all other higher moments are assumed to be zero. In this case, the metric takes the following form:
Similar to our study in Schwarzschild spacetime, we first consider a pole-dipole particle and afterward extend our study to a pole-dipole-quadrupole particle.
Pole-dipole particle
In this case, we start with the assumption that the particle is moving along a radial-like geodesic and then, validate the Mathisson-Papapetrou equations and conservation laws. We show that the spin-curvature between the spinning particle and background geometry identically vanishes and the particle follows a geodesic trajectory. For a radial-like geodesic, the four-velocity has the following form:
Here, we neglect the terms O(a 2 ). With the above given components of four-velocity, we can solve for the spin tensors by setting the acceleration X µ to zero. From the equation
and it can be easily written as S 1µ U µ = 0 as U 3 = −aU 0 . We now use X 2 = 0 along with Eq. (34) and arrive at
The above equation can be written in a more convenient form as
which is nothing but S 2i U i = 0. We similarly apply X 0 = 0 to obtain S 3µ U µ = 0. With the results
and therefore, it can be shown that S µν U ν = 0 is always satisfied. In addition, we can show E t = 0 and J t = 2rS 31 are conserved along the trajectory.
Let us now consider the spin evolution equation and explicitly express each component of the spin tensor.
• As mentioned earlier, rS 31 = constant, S 01 = aS 31 , and the equationṠ 01 = 0 implies that
• From S 3µ U µ = 0, we establish that S 30 = S 13 U 1 2U 0 r and it can shown thatṠ 30 = 0.
• It can be shown that the other spin components, S 20 , S 21 and S 23 , only satisfyṠ 20 =Ṡ 21 = S 23 = 0 if they all identically become zero.
Finally, the spin tensor has the following form:
where K 4 is a constant. Therefore, we conclude that a pole-dipole particle with nonzero dipole moment, can follow a radial-like geodesic in the linearized Kerr spacetime.
Pole-dipole-quadrupole particle
Let us now consider a pole-dipole-quadrupole particle following the Mathisson-Papapetrou-Dixon equation and investigate whether it is possible to encounter a vanishing acceleration. First, we consider the equation G µ = 0 and as it can be shown that can be achieved for the following quadrupole moment:
The conservation relations correspond to energy and momentum remain unchanged under the addition of quadrupole moment and therefore expected to be valid. On the other hand, it can be established that for the above given quadrupole moment, we come acrossṠ 2µ = 0, where µ can take any value between 0 to 3 except for 2. In order to demonstrateṠ 2µ = 0, all the Q 2µ components has to vanish identically and the particle can no longer carry any quadrupole moment. This proves that unlike a pole-dipole particle, the pole-dipole-quadrupole particle can no longer follow a geodesic trajectory in the linearized Kerr spacetime.
Schwarzschild black hole with quadrupole moments
We shall now consider the case of a Schwarzschild black hole with monopole and quadrupole term [27] . The metric is given as follows:
with q captures the quadrupole moment of the central object [28] . The above describes a black hole solution of vacuum Einstein's field equations with horizon which is not spherically symmetric, rather has a θ-dependent topology.
Pole-dipole and pole-dipole-quadrupole particle
We first consider the case with a pole-dipole particle and investigate the possibilities of vanishing spin-curvature limit. Following the previously introduced notion of radial geodesics in spacetime without rotation, we assume that the particle follows U 2 = U 3 = 0 and therefore, only U 0 and U 1 will survive. By employing this, we explicitly obtain the acceleration components of the particle which further provide information about the spin tensors as well. From the equation X 0 = 0, we arrive at S 01 = 0 and by substituting the same in X 1 , it automatically vanishes. The angular equation X 2 leads to
and as it can be easily seen that S 20 U 0 + S 21 U 1 = 0 does not satisfy anymore. Similarly, from the equation X 3 = 0, we get
and as expected S 30 U 0 + S 31 U 1 does not vanish. The other requirements with both E s and J s to be satisfied can also be studied accordingly. In this case, E s = 0, while
and can be shown to remain conserved along the trajectory of the particle. We now attempt to consider the spin evolution equations for further consistency check.
• With S 01 = 0, the equationṠ 01 = 0 identically satisfies.
• The equationṠ 31 = 0 is satisfied by employing the expression given in Eq. (43).
• From Eq. (42) and Eq. (43), we arrive at
and it can be shown thatṠ 30 = 0.
From the above, it can be seen that there exists no pole-dipole particle in the spacetime given in Eq. (40) which follows a geodesic trajectory.
With the above description of having no pole-dipole particle exists for a Schwarzschild black hole with quadrupole moment, it is likely to have no pole-dipole-quadrupole to have a vanishing acceleration. This would impose inconsistency in the spin evolution equations.
Kerr black hole
We now consider the Kerr black hole and we assume that the separate contributions from both spin-curvature coupling as well as quadrupole-curvature coupling identically vanish.
Pole-dipole particle
We first start with the spin-curvature coupling and expand each components of X µ individually.
These are given as
With the solution for X 1 = 0, we establish
and from either of X 0 = 0 or X 3 = 0, we end up with the conclusion given by
Using above expression, it is easy to conclude that
therefore, we can state that the supplementary condition S µν U ν = 0 easily appears from the vanishing spin-curvature coupling. The next job is to confirm the validity of Eq. (11) while the components spin tensors can be obtained from Eq. (48) to Eq. (50). Even if the quantity E s = S µν ξ µ;ν identically vanishes, the spin momentum takes the form
and it behaves as a conserved quantity along the trajectory of the particle. The complete spin evolution equations would produce the following findings:
• With the conditions rS 31 = constant and S 01 = aS 31 , the equationṠ 01 = 0 simply establishes rS 01 = constant.
• Given the conditions S 01 = aS 31 and S 30 U 0 + S 31 U 1 = 0, we can establishṠ 03 = 0 andṠ 31 = 0 are satisfied.
• Similar to the linearized Kerr spacetime, here also S 20 , S 21 , and S 23 has to identically vanish to satisfy the equationsṠ 20 =Ṡ 21 =Ṡ 23 = 0.
Pole-dipole-quadrupole particle
Similar to the case of linearized Kerr black hole, the particle can not carry any quadrupole moment and moves along a geodesic trajectory.
With this, we complete our study on vanishing acceleration limits for both pole-dipole and poledipole-quadrupole particles in different spacetimes. Below in Tab. 1, we briefly summarize the key findings for both pole-dipole and pole-dipole-quadrupole particles. 
Conclusion
In the present article, we have investigated the vanishing acceleration limit for an extended object composed of both dipole and quadrupole moments. Given the background geometry may contain dipole, quadrupole and higher order moments, the interactions between the extended object and black hole are also studied extensively. In the case of pole-dipole particle, MathissonPapapetrou equations state the evolution of both momentum and spin tensors and with the supplementary conditions, it describes a solvable system. On the other hand, the Mathisson-PapapetrouDixon equations does not generate any evolution equation for the quadrupole tensor and therefore, the system is not solvable unless the quadrupole moments are specified as an input. In the present context, we considered that the quadrupole moment is completely generated due to the mass distribution and contains no stress or flow part. Moreover, to have a vanishing acceleration limit, the evolution equations for both momentum and spin has to vanish independently and the particle follows a geodesic trajectory. This is precisely being the central point of our analysis as we set the four-velocity of the particle identical to a geodesic and construct the spin and quadrupole moments accordingly.
In the first case with pole-dipole particle, the vanishing acceleration limit can be established for Schwarzschild spacetime, linearized Kerr geometry and Kerr spacetime. However, the pure quadrupole moment of the central object, i.e., Schwarzschild black hole only with mass quadrupole moment, would introduce additional force term and the vanishing limit can not be consistently imposed. This essentially suggests that the quadrupole-dipole interaction between the central object and the extended body provides an additional resistance and the particle always follows an accelerated trajectory. However, the quadrupole-monopole interaction seems to have no problem and a pole-dipole-quadrupole particle is allowed to follow a geodesic trajectory in Schwarzschild spacetime. It should be reminded that when we state a pole-dipole or pole-dipole-quadrupole particle is following a geodesic trajectory, we consider the non-trivial solution with nonzero spin or dipole moment. In the second case with pole-dipole-quadrupole particle, the vanishing acceleration is only possible in Schwarzschild spacetime. Even the addition of lowest order term, i.e., the dipole which describes a linearized Kerr black hole, preclude any existence of vanishing acceleration limit. This essentially suggests that even in the simplest example with the quadrupole moment being generated from the mass distribution, like in the present case, they behave quite differently from the dipole term.
